A closed subgroup H of a connected reductive group G is called spherical if a Borel subgroup in G has an open orbit on G/H. We give a combinatorial characterization for a spherical subgroup to be contained in another one which generalizes previous work by Knop. As an application, we compute the Luna datum of the identity component of a spherical subgroup which yields a characterization of connectedness for spherical subgroups.
Introduction
Throughout the paper, we work with algebraic varieties and algebraic groups over the field of complex numbers C.
Let G be a connected reductive complex algebraic group.
A closed subgroup H ⊆ G is called spherical if G/H has a dense open orbit for a Borel subgroup B ⊆ G. In this case, G/H is called a spherical homogeneous space. An equivariant open embedding of G/H into a normal irreducible G-variety X is called a spherical embedding, and X is called a spherical variety.
The Luna conjecture [Lun01] , which has been proved by several researchers (see [BP16, CF14, Los09] ), provides a combinatorial description of the spherical subgroups of a given connected reductive group G. In this work, we give a description of the set H H of spherical subgroups of G which contain a fixed spherical group H ⊆ G in terms of the combinatorial objects of the Luna conjecture. This extends [Kno91, Section 4] where Knop gives a combinatorial description of the subset H c H ⊆ H H of co-connected spherical subgroups H ⊆ G containing H, i.e., H/H is connected. The set H H plays an important role in the study of equivariant morphisms between spherical varieties (see, for instance, [Kno91, Section 4]). Indeed, a second spherical subgroup H ⊆ G contains H (up to conjugation) if and only if there is a G-equivariant morphism G/H → G/H . 1.1. Preliminaries. Before stating our main result, let us recall the combinatorial description of spherical subgroups: Fix a Borel subgroup B ⊆ G and a maximal torus T ⊆ B, denote by R the associated root system in the character lattice X(T ), and write S ⊆ R for the set of simple roots corresponding to B. The character lattices X(B) and X(T ) are naturally identified via restricting characters from B to T . Luna assigned to any spherical homogeneous space G/H its Luna datum (or homogeneous spherical datum) S := (M, Σ, S p , D a ), which, by a theorem of Losev (see [Los09] ), uniquely determines G/H up to G-equivariant isomorphisms. Let us describe the combinatorial invariants in S. M denotes the weight lattice of B-semi-invariant rational functions f on G/H, i.e., f ∈ C(G/H) (B) , and a rational function f χ ∈ C(G/H) (B) is uniquely determined (up to a constant factor) by its B-weight χ ∈ X(B). Let N := Hom(M, Z) be the dual lattice together with the natural pairing ·, · : N × M → Z.
V denotes the set of G-invariant discrete valuations ν : C(G/H) * → Q and the assignment ν, χ := ν(f χ ) for ν ∈ V induces an inclusion V ⊆ N Q := N ⊗ Q (see [LV83, 7.4 , Proposition]), where V is known to be a cosimplicial cone (see [Bri90] ) called the valuation cone. The set of spherical roots Σ of G/H consists of the primitive generators in M of the extremal rays of the negative of the dual of the valuation cone V.
The stabilizer P of the open B-orbit in G/H is a parabolic subgroup of G containing B, hence uniquely determines a subset S p ⊆ S of simple roots. We write D for the set of colors of G/H, i.e., the set of B-invariant prime divisor in G/H. To any D ∈ D, we associate the element ρ(D) ∈ N defined by ρ(D), χ := ν D (f χ ) where f χ ∈ C(G/H) is a B-semi-invariant rational function of weight χ ∈ M and ν D denotes the valuation induced by D. For any α ∈ S, there is a minimal parabolic subgroup P α ⊆ G containing B and corresponding to α. We introduce the set of colors D(α) ⊆ D moved by P α , i.e., the colors D ∈ D such that P α · D = D. We obtain a map ς : D → P(S) which assigns to a color D the set of simple roots α such that P α moves D (P(S) denotes the power set of S). The colors are divided into three types: D ∈ D(α) is said to be of type a if α ∈ Σ, of type 2a if 2α ∈ Σ, and otherwise it is said to be of type b. The type does not depend on the choice of α ∈ ς(D) and we obtain a disjoint union Recall from [Los09, Definition 4.1.1], that the set of distinguished roots Σ + consists of all γ ∈ Σ such that, (1) γ is in the root lattice X(R), (2) there is a spherical subgroup in G with Luna datum (Z2γ, {2γ}, S p , ∅), and,
is a colored subspace, and
is the Luna datum of the spherical subgroup corresponding to C and Σ is the set of primitive generators in M of cone(Σ) ∩ M Q . 
Theorem 1.2. Let H ∈ H H with Luna datum
where π : N → N is the map dual to the inclusion ι : M → M.
We obtain a partial ordering on the set of Luna data, namely S S if S is a subdatum of S.
Theorem 1.4. The assignment S → H which associates to a subdatum S S the corresponding spherical subgroup H induces an order-reversing bijection from the set of subdata of S onto H H / ∼ where "∼" denotes the equivalence relation induced by conjugation.
and Σ
• is the set of primitive generators in M • of the extremal rays of cone(Σ). For every 1.3. Organization of the Paper. In Section 2, we recall several fundamental results about Luna data. In Section 3, we present the key steps of the proof of our two main theorems. In Section 4, we investigate the behavior of a color under G-equivariant pullback. These results will be crucial in the proof of Theorem 1.2 and Theorem 1.4 which is stated in Section 5. We complete our work with Section 6 where we compute the Luna datum of the identity component of a spherical subgroup.
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Generalities
2.1. Luna data. We recall the combinatorial description of Luna data introduced by Luna [Lun01] and refer the reader to [Tim11, Definition 30.21] for further details and references.
A
Spherical roots of wonderful subgroups in G of rank 1, i.e., rk(M) = 1, are said to be spherical roots of G and were classified by Akhiezer and Brion (see [Ahi83, Bri89] Let us fix a bit more notation. We write X(R) for the root lattice of a root system R and supp(γ) ⊆ S for the support of γ ∈ span Q (X(R)), i.e., the set of simple roots with nonzero coefficient in the expression of γ as linear combination of simple roots.
Remark 2.1 (How to read Table 1 ). The second column shows the spherical root γ after applying the usual Bourbaki numbering [Bou68] to the simple roots in supp(γ) whose Dynkin-diagram-type is given in the first column. The simple roots are denoted by α i if supp(γ) has one simple factor and α 1 , α 1 if supp(γ) has two simple factors. We have λ ∈ {1, Fix a maximal torus T ⊆ G and a Borel subgroup B ⊆ G containing T . Write R for the induced root system and S for the corresponding set of simple roots. The set of spherical roots Σ G can be straightforwardly extracted from Table 1 and it splits in two disjoint subsets (Σ G ∩ X(R)) and (Σ G \ X(R)) depending on whether λ = 1 or λ = 
where S p (γ) := {α ∈ S : α, γ = 0} and S pp (γ) ⊆ S is given in the third column of Table 1 . 
, are comparable in an obvious way. By writing S 1 = S 2 , we mean that all these objects coincide and that there is a bijection ι :
We will also need the following result by Foschi (see also [Tim11, Lemma 30 .24]).
Proposition 2.6 ([Fos98, Section 2.2, Theorem 2.2]). Let D ∈ D be a color and let L be a Glinearized line bundle on G/H with a section s
Then the section s is B-semi-invariant of some weight λ ∈ X(B), and for α ∈ S we have
Luna data of Normalizers. Let H ⊆ G be a spherical subgroup with Luna datum
The subset of distinguished roots of Σ is denoted by Σ + .
Proposition 2.8 ([Los09, Theorem 2]). We have
i.e., a spherical root γ ∈ Σ which is either distinguished or not in the root lattice X(R) gets doubled. All other roots stay the same.
Proposition 2.9 ([Kno96, Corollary 6.5]). We have
Recall that N acts on G/H by translation from the right, i.e., for n ∈ N and gH ∈ G/H, we have n · gH = gnH. The quotient (G/H)/N under this action coincides with G/N . By [Los09, Lemma 3.1.5], the natural projection π : Proposition 2.11. We may identify (the abstract set)
In summary, we obtain (see also [BP14, Section 2.4]).
where
We will also need the following observation.
Remark 2.13. Let H, H ⊆ G be two spherical subgroups with H ⊆ H such that the quotient H/H is finite. Then
In particular, we obtain a sequence of inclusions
Overview of the Proof of our Main Theorems
Let H ⊆ G be a spherical subgroup. Fix a Borel subgroup B ⊆ G and a maximal torus T ⊆ B. We write R for the corresponding root system, S for the induced set of simple roots and In particular, the study of H ∈ H H can be split in the two cases: H 0 ∈ H . To keep the notation simple let us consider the set
for the set of homogeneous subdata coming from distinguished subgroups (resp. from colored subspaces) (cf. Definition 1.3).
Remark 3.3. Observe that S f S can be naturally identified with the set of distinguished subgroups M ⊆ M.
We obtain the following combinatorial description of H f H which will be proved in Section 5.3. Theorem 3.4. There is a representative 
equipped with the map ρ :
) is neither a colored subspace nor a distinguished subgroup.
Equivariant Pullback of a Color
In this section, we explain how colors behave under G-equivariant pullback, a result which will be needed in the proof of Theorem 3.4.
Let H ∈ H H and consider the natural G-equivariant dominant morphism ψ : G/H → G/ H. We continue to use the notation from Section 2 and write (M, Σ, 
In the sequel, we will abbreviate Σ ∩ S by Σ a and Σ ∩ 2S by Σ 2a . Recall that we have maps ρ : D → N and ρ : D → N . 
The proof of the three parts of Proposition 4.1 will be given in the three subsections 4.2, 4.4 and 4.5 respectively. 4.1. Preliminaries.
Proof. We have
As every spherical root is a nonnegative linear combination of simple roots, it follows Σ a ⊆ Σ a .
Replacing (for D ∈ D) and an isomorphism of G-linearized line bundles 
Pullback of Colors of Type a.
In this section, we prove the first part of Proposition 4.1.
Proof. Let α ∈ ς( D). By Proposition 4.4, D(α) = ∅ and, by Proposition 2.6, Going through all simple roots in ς( D), we obtain colors
Proposition 4.6. In the situation of Proposition 4.5, we have ρ( D)
, we have l = 1.
Corollary 4.7. The pullback of Cartier divisors induces an embedding ψ
Proof. By Proposition 4.5, we have ψ
, it follows by Proposition 4.6 that k = 1, i.e., ψ
4.3. Intermezzo on Finite Quotients. In this section we consider the case that H/H is finite as it plays a crucial role in the remaining cases of Proposition 4.1. 
Proof. As M is a sublattice of M of finite index and cone( Σ) = cone(Σ) (see Proposition 4.8), it follows that 2α ∈ Σ for every
As ψ(D i ) for i = 1, 2 is a color in G/ H which gets moved by P α , it follows that µ D1 = µ D2 = 1, i.e., ψ 
Proposition 4.10. For every α ∈ S \ S p and every
Proof. If |ς( D)| = 1, then the assertion follows by Proposition 4.11. It remains the case ς( D) = {α, β} for two orthogonal simple roots α, β ∈ S and γ := λ(α + β) ∈ Σ for λ ∈ 1 2 , 1 . As any spherical root is a nonnegative linear combination of simple roots, we obtain, by Proposition 4.2, either α, β ∈ Σ or λ γ ∈ Σ for λ ∈ 1 2 , 1 (observe that 2α ∈ Σ or 2β ∈ Σ is not possible by Proposition 2.6). In the latter case, ψ * ( D) ∈ D b and we are left with α, β ∈ Σ. We distinguish the two possibilities for the coefficient λ.
If γ = 
Finite Quotients
In this section, we prove Theorem 3.4. Our proof relies on a study of (B × H)-semi-invariant rational functions on G and a generalization of the combinatorial description [Lun01, Section 6]. 
(B × H)-Semi-Invariant
is the associated quotient map.
Further, the assignment which associates to any pair
Proof. As ϕ is G-equivariant, φ induces well-defined maps from D 
Proof. • . As explained above, choose local equations for the irreducible components of G \ BH, i.e., every
As the composition of the projections G → G/H • → G/H coincides with G → G/H, it follows by Proposition 4.10 that we have
Proof. We continue to use the notation from the proof of Lemma 5.2.
As the B-weights of π * f and f coincide, (π * f )| C is a scalar multiple of f −χ| C | C , and thus γ = −χ| C . By [Ser95, Propoosition 3], the natural projection map π : G → G/H is a locally trivial fibration in étale topology. Hence 
which gives rise to the following homomorphism of abelian groups: 
We define N * := χ∈X(N ) ker(χ) and write τ N : X(C) × Z D → X(N ) for the map from Section 5. 
By Section 4, the pullback of a color is either a color or a sum of two colors, and in the latter case let any of the two summands be the image of ι resp. ι. Although the maps ι resp. ι are not unique in general, their compositions with ρ resp. ρ are unique, so that we obtain well-defined maps: • of H is also spherical in G and we write Proof. By the existence part of the Luna conjecture, there exists a spherical subgroup H ⊆ G with corresponding Luna datum S. As S ∈ S f S, it follows, by Theorem 3.4, that (up to conjugation) H ⊆ H and H/ H is finite. Recall from Remark 3.5 that H is uniquely determined. It follows that the arrow "←" is well-defined and injective. By Theorem 3.4, the arrow "←" is also surjective.
We construct a Luna datum
Then M is a sublattice of M • of finite index. We let Σ • be the set of primitive generators in M
• of the extremal rays of cone(Σ) ⊆ M
• Q = M Q . We need the following observation on the spherical roots of S
• of type a.
Then kα ∈ Σ for some positive integer k ∈ Z. An inspection of Table 1 reveals 
is a Luna datum we verify the axioms of Definition 2.3. The axioms (A2), (A3), and (Σ2) straightforwardly follow. We check the remaining axioms.
We start with axiom (S). The first part of it is straightforward. Let γ ∈ Σ • such that kγ ∈ Σ for some integer k ∈ Z ≥1 . We have to show that (S p , γ) is compatible. If γ ∈ Σ, then there is nothing to show. So let us assume k > 1. An inspection of Table 1 yields that any spherical root γ comes with a color D ∈ D such that ρ(D), γ ∈ {1, 2}. Hence ρ(D), kγ = 2 and k = 2. Another inspection of Table 1 
2 Σ ∩ S, we have α, Σ \ {2α} ≤ 0 from which it straightforwardly follows that α, Σ
• \ {2α} ≤ 0. Let D ∈ D be the unique color moved by α. By construction, Proof. Follows by the bijection in Proposition 6.1, as H • is the unique minimal element on the left hand side while S
• is the unique maximal element on the right hand side.
6.1. Examples. The following examples illustrate several phenomena of the Luna datum
. In Example 6.5, we consider a connected spherically closed spherical subgroup such that there is a color of type a preventing a spherical root to be replaced by its half. In Example 6.6, we investigate a disconnected spherically closed spherical subgroup such that there is a color of type 2a preventing a spherical root to be replaced by its half. In Example 6.7, we look at a connected spherically closed spherical subgroup such that there are two colors of type 2a preventing each other to be replaced by two colors of type a respectively. In Example 6.8, we have a spherically closed spherical subgroup which is not connected and the spherical roots of the subgroup and its identity component coincide. Finally, in Example 6.9, we have a connected spherical subgroup of a semi-simple group which is not simply connected, and taking the preimage under the isogeny of the universal cover yields a disconnected spherical subgroup. We can detect all these properties combinatorially.
Example 6.5. The following example is taken from [Was96, Table B ]. Let G = Spin 7 and H the subgroup of G isomorphic to C × × Spin 5 . Choose a Borel subgroup B ⊆ G and a maximal torus T ⊆ B. We use the usual Bourbaki numbering of the induced set of simple roots S = {α 1 , α 2 , α 3 }. By Wasserman, we have Σ = {α 1 , 2α 2 + 2α 3 }, M = span Z Σ, S p = {α 3 } and D a = {D ± } with ρ(D ± ), α 1 = 1 and ρ(D ± ), 2α 2 + 2α 3 = −1. Let γ := 2α 2 + 2α 3 . According to Table 1 Example 6.6. Consider G = Spin 7 and H = N G (H) the normalizer of the subgroup form Example 6.5. We use the notation introduced there. By Example 6.5 and Theorem 2.12, we have Σ = {2α 1 , 2α 2 + 2α 3 }, M = span Z Σ, S p = {α 3 } and D a = ∅. As in Example 6.5, we have that (S p , α 2 + α 3 ) is compatible but still α 2 + α 3 ∈ Σ • because ρ • (D), α 2 + α 3 = 1 2α 1 , α 2 + α 3 = − 1 2 ∈ Z where D is the unique color of type 2a moved by P α1 . However α 1 ∈ Σ
• , so that Σ • = {α 1 , 2α 2 + 2α 3 }. Indeed, it is straightforward to verify that (H )
• ∼ = C × × Spin 5 .
Example 6.7. The following example is taken from [Was96, Table G 
